3.1
Extrema of functions

Definition of Local Maximum

f(c) is the local maximum value of f

if f(c)zf(t) for every x in /.

Local

M?x Local
A j
{ N |

Example 1

Iff(x)=4x", prove that /" has no local extrema.

roof Since a local extremum must occur at a critical number,
find the critical numbers.

Take the derivative: f'(x) =43¢ ?
Sx)=0  f(x) DNE
12x7 =0
x=0

Ifx<0— f(x)<0, ifx>0- f(x)>0
So, x =0 is not the lowest or the highest point on

the small interval around it.

| The function has no local extrema. |
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Definition of Local Minimum

f(c) is the local minimum value of 7

if f(c)Sf(x) for every x in /.

| |
P
I\
VAN .J
AN {
1 , Local ’\‘ )
I

Min  Local
Min

Theorem
["a function f has a local extremum at a number ¢
in an open interval, then cithcr_/"(c) =0 orf’(c)
doesn’t exist.
/(c)=0

[3
Critical numbers
A number ¢ in the domain of a function 7" is a critical

number of ifeilherf’(c) =0 orf’(c) does not exist.

Example 2
Find the critical numbers of f (x)= Z:i?
Y-
L (x=3) (- )-(x* ~l)'(2x—3) 2(x* —1)-2x(2x-3)
[ (-\'): R 2 - 2 2
(x*-1) (e 1)
_2¢-2-4x+6x _ 202 +6x-2 _ -2’ ~3x+1)
(.v: = I)Z (.\’2 = I)2 (-\" - |)>
f(x)=0 or f'(x) DNE
x*=3x+1=0 X =1=0

34004 3245 *= +1, but they are not in thec domain

2 2 [Crilicul numbers arc 37'2—6 2 2‘/5




Example 3

Find the critical numbers of f(x) = (?.x+3)Z 3x+5

F(x)= ((2’”3)2}’ Ax+s +(M),(2x+ 3)2

1(x)= (2(2x+3)-2)-~3/3x_+5+(%(3x+5)% .3] (2x+3)’

./"(x) = 4(2x+3)'\’/3)c—+5 : (2x+z)

(:3x + 5)T

Example 4
If /(x)=cos2x—2sinx, find the critical
numbers of /" on the interval [O, 27[]
Differentiate f(x):
_/"(:x)= ~2 sin 2x—2 cosx=0 or PKE
4sinx cosx+2 cosx=0
2 cos x (2 sin x + l)—O

1
cosx=0or sinx=—5 (quadr. 11, lV)

T 3z 7 Iz
X=—, —orx=—, —

2" 2 6 6

Example 5

Find absolute extrema for /(x)= 3x”—=10x+7 on [-1,3]
1. Find all the eritical
numbers of £ in (a. h) endpoints of the interval into /

7(x)=6x-10=0 or DML F(-1)=20

2. Plug in critical numbers and

(.x—|0=>x:‘—: /6= 1
i /G)=1
H&(\]) 3. The max and the min
\ are the largest and the smallest
values of /* calculated in #2.
\\ el The absolute max is /(=1) = 20
\}.73) I'he absolute min lsf()/:?):—;
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Example 3 Continued

_4(2x+3)-(3x+5)+ (2x+3)

7(x)

e P}

(3x+5)
(2x+3)-(4(3x +5)+(2x+3))

(=)=
(3x+5)
(2x+3)-(14x+23)

£(%)=

f’(.v) =0 or DNE

(3.r+ S);
3 critical numbers :
3 23 5
f=—— X=—— XY=—=
2 14 3

Absolute Extrema

f(c) is the absolute minimum value of /°
if’ j'(c‘) < _/'(x) for every x in the domain of /.

f(c_) is the absolute maximum value of f il / (r:) > @l

for cvery x in the domain of /.

To find Absolute Extrema on [a,b]:

1. Find all the critical numbers of / in (a,b)
2. Plug in critical numbers and endpoints of the interval into /°
3. The max and the min are the largest and

the smallest values of / calculated in #2

Extreme Value Theorem

The Extreme Value Theorem states that if fis a

continuous function on the closed interval [a,b], then f

attains a maximum value and a minimum value at

least once in [a,b].

. /is continuous on
Sy closed interval [a,b).
Therefore fhas a
minimum and
maximum valuc at f(c)
and f(d).

-
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Example 6
What arc the maximum and minimum values of

fx)=x"-3x"-lon[-2,2]?

fiscontinuouson [ =22] oy endpoints and

critical points:

f(x)=4x-9x°

48 -9x =0 FE2)=(-2)"-3(=2)"~1
9 =39 ¢<= Maximum
x=0,— , .
4 £0)=(0)" -3(0)" -1

9
2 is not in the interval | —22| =-1
r2)=(2)' -3(2)'-1

x =0 is the only critical point
==9 & Minimum

on the interval [ —22]

Example 7
Difference between the Extreme Value
I‘nr/(x):ft —x’, find the absolute extrema of / on the following intervals : and the Location of the Extreme Value.
a) Closed interval [ 2,1 b) Open interval (-2,1) « If you are asked to “find a minimum or a
Max :f(()): A J _&. Nk s f (0)7 i maximum of a function”, they want y-value.
=@y o o
in: f(-2)= B s . R
Min: 7(~2)=0 ! N E T | « If you are asked “at which x does this function
have a min or max”, they want x-value.
) (1,2] d) (1,2) S
. i
Max: none D Max: none | o o If you are asked "at which point does this
Min: ./'(2): 0 I Min : none | function have a min or max”, they want both x
and y coordinates.

Example 8
Find the points of extrema off(x) =5-6x"=2x" on [-3,1].
F(x)=—12x—6x° Plug in critical numbers
and endpoints into /" and

j"(x):OorDN"E compare,
Fx)=—12—12x ) ps ‘ i 3.2
F0x) = ~6x(2+4.) ol Rolle’s Theorem and

(
D (
x=0,x=-2 B o2 s Mean Value Theorem
(

f(1)=5-6(1)"-2(1)"=-3

Maximum at (0.5].[-3‘5)
Minimum at (~2,-3),(1,-3)




Rolle’s Theorem
Suppose that y = f(x) is continuous on the closed interval [ﬂ. h]
and difTerentiable on the open interval (a.b).
167 (a)= 1(5).
then there is at least one number ¢ between a and b at which

f(e)=0.

Mean Value Theorem

Ify= f(x) is continuous on the closed interval [a,b]
and differentiable on the open interval (‘a,b), then

there is at least one number ¢ between a and b at which

7(b)-fla)
st

Example 2
The graph of y = f(x) on the closed interval [—4.8] is shown in the
figure below. If / is continuous on [4XJ and diflerentiable on
(—4.8). then there exists a ¢, — 4 <c¢ <8, such that

(4).17(c)=—

By the Mcan Value Theorem,

()=
(©)r(e)=7
(0)r(e)=-5
(£)/(c)=0
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Example 1

Let f(x)=x"~4x. Show that / satisfics the hypotheses of

Rolle's theorem on the interval L—Z.ZJ. and find all rcal

numbers ¢ in the open interval (—2.2). such thmf’(z') =0

#(x)=x"~4x is continuous for all x on the interval [2.2]
and differentiable for x on (—2,2)

/(x) is a polynomial = continuous and differentiable.

S)=(2) -4 ()=

e &
y

Hypotheses of Rolle’s Theorem are satisfied and f(-2) = f(2) ‘7 -j g
Thus: f’(c): 3¢" = 4=0 at least once between —2 and 2. %
23 23
C, == lldL, ;_T

Geometrical Illustration of the Mean

Value Theorem

1y=r| K) is continuous on the closed interval [ a IJ]

and differentiable on the open interval (a.l-), then

there 15 at least one number ¢ between @ and b at which
116)- 1(a)

h-a

slope = f’(c)

A o)

f6)-1@)_ .
o =TE)

Example 3

|
ff(x) = Ex‘ +2, show that /" satifies the hypotheses of the

Vlean Value Theorem on the interval [71,3], and find a

wmber ¢in (—I,B

Solution

) that satisfies the conclusion of the theorem.

f(.x) is a Polynomial =
/f is continuous on [—1,3],

/ is differentiable on (~1.3).



Example 3 Continued

/(1):5.[(—1):2;
1
F—9=
3_2,
4
8
3.2,
4 3
2.2, =1 w 3
3°3¢ ¢'= where —1<1<?
Example 5

Lctf(x) be a differentiable function defined on the interval
—5=< x <5. The table below gives the value uff(:x:l and its

dcrvativcf’[x) at several points of the domain.

x|5|-4(-2]0]|2|4]|5

fix)| 45|25 (13| 3 |2 |4 |5

f| 5| a|3|1]o01]o0

At what point does the line tangent to the graph of f(x)
and parallel to the segment between the endpoints
intersects the x-axis?

3.3
The First Derivative
Test.
Using First
Derivative
in Graphing

Example 4
I‘f(x:l =x'—4x+3, show that f satisfies the hypotheses of the
Jean Value Theorem on the interval [l.S].und find 2 number ¢ in

he open imcrvul(l.i) that satisfies the conclusion of the theorem.

Solution 1080
f(x) is a Polynomial, so =3¢" -4
f is continuous on [I,S], 27=3c2-4

fis differentiable on (1.5)4 S 3] 3]
f(5)-r01) "':?:"::\E
———=r1¢)

—_ f' ¢ —
3=1 4. 31 )
Since — 3 is not in the

f(s)=108, 7(1)=0
r (.\’) =3x*—4 interval (1.5). the answer is J:}-Tw
Example 5 Continued Solution

f(x) is differentiable function, so it continuous. By MVT there
s at least one point at which the line tangent to the graph ol f (v)
s parallel 1o the segment between the endpoints.
slope = iR =
5-(-5) 10
From the table: the corresponding point is (—4.25)
Equation of tangent line: y — y, = m(x— xn)
y—25= 74[4\77 (74)]2 y=-4x+9
T'o find x-intercept, set y =0

):—4x+9ﬁ,\':§ [2,0J

Increasing function

A function f is increasing on an interval 1 if
f(p) <f(qg)forallpandqinlIwithp <g

// is positive

/ (q)

When 7 (x) is increasing
f'(x) is positive
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Decreasing function

A function f is decreasing on an interval I if
f(p) > f(g)forallpandginlwithp<g

y=f(x)

//‘_I" is negative

2 q

When f (x) is decreasing
f'(x) is negative

Example 1
letg(x)=x"—-3x"—9x+22
a) Find the intervals on which g is increasing and decreasing.
g (x)=3x*-6x-9
3(x+1)(x=3)=0

x——1, 3 are critical numbers

g+ =  +
g(x) P TN

g(x) decreases on: g(x) increases on:
1-1,3] (-, -1]1& [3, ©)

The First-Derivative test ’

Let f be continuous al ¢ and differentiable on the open
interval containing ¢ except possibly at c itself

Critical number x = ¢

Local minimum occurs at (Whucj"(t') =0or I)NH)

v =c. where /”(x)changes :

= wher/ ) ICRRC

from negative to positive. :
o+
C

N 455 Local min

Local maximum occurs at

x=c, where f° '(x)chungcs

from positive to negative . + f(/)' \}(:)

f,(-“) Loce(s:l mex

8/19/2018

Examine the following graph:

f'(x) =0,
critical point
< >

When f (x) is increasing

hen £ (x) is decreasing
f(x) is positive When £ (x) is decreasing

f'(x) is negative

Example 1 Continued

Let g(x)=x"-3x"-9x+22

b) Sketch this graph

g(-1)=27 and g(3)=-5

What happens when f "(c) =0, but
f'(x) does not change sign around x = ¢?

No local
i extremum i

£x)

For Example:

"(r:)d)‘,i/ decreases

|):

1

J(c)=0, f'(a)-’:i
Horizontal tangent Horizon:al tang
/’lx))(l" ) j’(r)(l)

No local extremum at x=c



Example 2
Let p(x)=x"—dx’+12
a) Find and classify the critical numbers of ¢
' (x)=ax’ 124
go'(.\‘:) = 4,\"(,\'— 3‘) =0
x =0 and x = 3 are critical numbers

Local
E - - min +
¢'(x) ) 3

Local minimum occurs at

x=3, whcrc_,f’( x)chungcs No extremum at x =0 and

from negative to positive. lncal(nr rclali\,'c)minimum atx =3

Example 3. Find the points of local extrema of f and the intervals on
which fis increasing and decreasing, and sketch the graph of f.

f(x)= r%q_r -2
f'(\’):.r%((x~7)') +(.\'7"’) (.r—?)"
- (afa=7)) o 35 K |(x-7)

. 2 ’
= Z:’/‘(,x—7)+ ._(x |/7)
343
; ‘u(x—7)+]/2(-f 7 £”(x)=0 or DNE
3x7 e
_ (x 7)(6.\' | 2x 14) 2(x 7)(4x ,” ('nuca‘l,numbcrs:
- 3.\*% R 3.\'/I‘/ ull 7']"0

3.4
Concavity and the
Second Derivative

Test
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Example 2 Continued

Let p(x)=x"—dx’+12
b) Graph ¢

¢(0)=12 and ¢(3)=-15

Notice that (p(3)= 15 is the lowest value
of @ forall x, not only ncarx= 3. So,
the absolute minimum valuc of np(x] is

—I5atx=3. There is no absolute maximum.,

Example 3 Continued

lest f(x):

— min 4 max — min -+
W >

0 7 7 f(x)
- =175
4

Increasing: Decreasing: |

io_ﬂu[mw) (—oo.l)Ju[%J]

AL(0.2) : f(x) DNE

Let's look at the example of how the graphs
f(x),f’(x)andf"(x) are related




f(x)d f&x)i oL
= f'(x)<0 = ['(x)>0 = f(x)<0

r(x) \,,,

I

S~

VB E f(x)<0 r'(x)>0
/(x)concave up| | £(x)eoncave down| |/ (x) concave up|

f(x)
and
I ey — —
I(x)
\\\:

A Point of Inflection occurs at
the point where the concavity changes.

Pl
b

(== \ —

For inflection points, sctf”(x:) =0 or DNE.|
Iff”(.r) changes sign passing

through the point, itisa Pl
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)

/’(x) increases  f*(x) decreases f'(x) inct

= f(x)>0 = f(x)<0 ()20

77()>0 f7()<0
;

£ (x)concave up

(x)concave down

N

\_/ / N\

Example 1
Iff(_x): ¥’ +3x’ =2x -6, determine intervals on which the graph of
Vi (x) is concave upward or is concave downward and sketch the graph.
S(x)=3x"+6x2
f”(x)= 6x+6= 6(x i I)

6(x+1)=0 or DNE
x=-1
/(-1)=-1+3+2-6=-2

— e
@O

a) N/
Concave down: Concave up:

(o) (1)

)




Example 2

The graph of f(x) is shown below. On which of the
following intervals is the graph of f(x) concave up?

a)(-2,4) b) (2,4) <) (-2,2) d)(0,2) e)(-2,0)
Solution
f(x) concave up
- M)=[)] >0

It means f(x) is increasing.
y=f(x)

2-1|1234 f(x) is increasing on [2,4]

' l - / f(x) is conca\}e up on (2,;1)_|

Example 3 |I'_/'(.\'): x"(x+4), find the local extrema,

discuss concavity, and find points of inflection.

/'(;‘)*5" R S
I )—51(5;28]
7 )%[Sifj

Example 3 Continued
) Local min at x=0

w 2(5x-14 (8
/ (x)=§[ o ] [Local max ‘\ 5.3.28’

7(0)=0.
1 is not differentiable at (0.0)

Inflection points could be the points where
/7(x)=0 or DNE. So,check x =0,

+ {3,4.14] is PI
5

0 4
@ ©@:0
Concave Concave Concave
down down up

S

i~
Concave down on (—w())u‘ ().—J
\

4
Concave up on [gw]

8/19/2018

2nd perivative Test for Local Max and Min
Suppose that £ is differentiable on an open

interval containing ¢ and that f’(c) =0

Ilff”(c) >0, # has a minimum at ul

Ilff”(c) <0, f has a maximum at c|

Iff ’(c) DNE, we don’t use 2nd derivative test because

/’”(c) would not exist and there will be no conclusion

Example 3 Continued
S5x+8
173
X

J(x)= —;~( J: 0 or DNE _/~(X]::[»- =4

The critical numbers are x = -8/5, 0.

Use second derivative test for x=-8/5

I

g ; %
.‘§J<0 @ max f[ %l)~3.28 I.(vcnlmax(Ag.lm]

Iff’(O) DNE, we do not use 2nd derivative test for x =0

Use 1¢ derivative test.

Local min atx =0
) - + sl0)=o0,
7x) / is not differentiable at (0,0)
8 ¢
5

How to Sketch a Graph Based on Information of
7/(x) and /" (x)
Example 4
Given: £(0)=4; /(2)=2:/(5)=6.5
7(0)=r(2)=0
£(x)>0if|x=1>1
7'(x)<0if|x—1<1

-1.\
5

”(x)<0ifx<lorif x—4<1 H

17(x)
£7(x)>0if[x=2<Torifx>5



Continued 7)1 >1
Solution f increases: x—1>1orx—1<-1
x>2o0r x<0
f(x)<0if|x—1]<1
f decreases:— 1 <x—1<1
O<x<2
@ sr(x)<vifx<ioriffx—4<1
—l<x—-4<]
3<x<5
@ _/"’(r)>()iflx—2|<loril‘x>5
—-1<x-2<I
l<x<3
3.5
Summary of Graphical

Methods.
Guidelines for sketching
the Graph of a Function
using First and Second
Derivatives.

i, Intercepts: find the x-and y-intercepts.
~intercepts: x = 0 or l'mdf(()]

16-(0)

c-intercepts: y=0 or

solve f(x)=0

3> 5|
f(x)= ==0
16 —x° |
¥ =0=x=0 [(0,0) . SR
The graph intersects both axes at 5

the origin.
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Example 4 Continued
Plot the pts: £(0)=4; 7(2) =2 /(5)=6.5
./"('O) = _/"(2.) =0 => Horizontal tangents at x = (2.
/ increases: x> 2 or x<0
f decreases: 0<x <2
/ concaves down ifx <l or3<x<5

f concaves up if 1<x<3or x>5

Graph:

Guidelines for sketching a graph of y = f(x)

There are seven guidelines to follow while sketching a graph.

. < 5 3’
Example 1. Discuss and sketch the graph of / (x) TR
E -Xx
1. Domain - find all xthat are 2. Continuity - determine whether
possible. fis continuous on its domain.

The denominator of a function
cannot equal 0. fis a rational function, it is
) continuous on its domain,
16-x"#0

X #16

but f has infinite discontinuities
at -4 and 4 which are not on
x#-4.4 the domain

The domain of f consists of all
real numbers except -4 and 4.

4. Symmetry - check to see if the
function is odd or even.

If the function is even, the graph will be
symmetrical with respect to the y-axis.

If the function is odd, the graph will be

symmetrical with respect to the origin. f(x)= 3
16 x
] 3(-x): I
fA=x)=—"—"F= -=f(x
=) 16—(—x) 16-x (x)

5
SillCCf(at}: _f(x:L this function is 3 ‘] ?
cven and is symmetrical with

respect to the y-axis.

10



5 aCritical Numbers — find values of x on the

domain of f(x)where f*(x)= 0 or f"(x) DNE

(32) (16-2")-(16-5) (3¢")
(16-27)

(60)(16- ) (-20)(3¢)

o (16-)

(%x 6,(‘) (6;‘)7 96x

F(x)=

(16-2)  (16-x)
f(x)=0 or f(x) DNE
96.x >
=0 C 16-x") =0
(16-x7) m (i5-&]

x =0, eritical number x=-4 and4 s Noton the domain.

Not critical numbcrs.
But increasing/decreasing
could change around them.

6 a. Points of Inflection
Find /(x), set/”(x)=0 and f”(x) = DNE,

Find x where concavity of f(x)changes

ro-{p)

o e\ fr(x)#£0 or f7(x) DNE
. (16-x%) —((16;_: ) ) x (16_¥) =0

(16-x%) e4A
s (16-¢°) ~2(16- ") (-2x)-x -

(16— f)" I'hese arc not Pls,

) . N . not on the domain,
u(”'{f)(("’ x )*4*“] 9616+ 32°)|  butconcavity could

(Ib 1:)/‘ (lo—x’)' chan? around lhcn‘l.
No points of inflection.

=0%

7. Asymptotes: lines graph is approaching to.
7a. Horizontal asymptote: if lim 7 (x)= 1
Pt
orif lim f(x)= Lthen the linc y= £
X}

is a horizontal asymptote.

\ 3x°
li li x)=——
.IEFI(X) ’I.I!Lf(x) /(x) T
L .3
= lim = =lim z
P 16— 2 S 16X
. 3 . 3
“limgg =3 | ~limg—=-3
o 2
X x

Horizontal asymptote : y =ﬂ

Or: Power of numerator = power of denominator N\

: 3
so Horizontal asymptote: y = 5 3
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Sb. Lgcal Extrema

Use First Derivative test to find local extrema.
Increasing/decreasing

Increasing if /* x) >0, decreasing if / ’(x) <0

it f 7
—O——O—
o2 a2 S

Increasing: [[),4) u(4.°°) \ /

Decreasing: (—,~4) u(—4.,0 rma e

Local min atx=0:(0.0) \ i / l

6 b. Concavity

Ilj/"(x) > (), graph is concave up

It/ "(x) <0, graph is concave down.
S0 = + _
O O 7 R
EHCHE BT

(Concave down Concave up

on (—oe.—4)u(4.w) on ( 4,4) \ /

7b. Vertical asymptote: If .Il':,] /(x) or !121 [(x)is equal to cither
1o or — oo, then the line x = a is a vertical asymptote.
Or, the vertical asymptotes correspond to the
zero of the denominator 16— x°
317
16— x*

16— =0 f(x)=

x=4,x=—4

Vertical asymptotes are
x=—4andx=4

11



Time to graph!

5.Crtcal Nmbers and Extrem:
:
)=
-f(x)_(xz—]61(2x—6)—(2x—6f(x2—16)
(2x-6)
_2x(2x-6)-2(x"-16) 2y> _12¢432
(2x—6)  (2x-6)

-Points of Inflection and Concavity:

22— 120+32) _[z(x2 6x 1 16)]'

t"'(X)=[

(2x-6) N 4(x3)

(xz —6x+ l())l()(—3)2 —((x— 3)2) (xz —6x+ 16)

I

2 (x-3)°

1 (2x-6)(x=3) ~2(x-3)(x* - 6x+16)
2 (x-3)*

_(x—3)3—(x—3)(xz—6x+l6)__ 5

[ (x-3)' (-3

Example 2. Discuss and sketeh the graph of /(x)

1.Domain: 2x—-67#0
xX#3

Domain = all real numbers,

exceptx =3

D={dxr3}

2.Continuity

Continuous on its domain, But it
has infinite discontinuity at x=3

3.Intercepts: 5
x-intercepts: y=0 x"—16=0

x=-4.,4

y-intercepts: x =0
_0°-16 .8
Y200)-6 =3
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_x' =16
2x—-6
4.Symmetry:

‘/( 'x)#f(x) or _f(x)

/(r) is neither odd nor even.

S0./(x) is not symmetric with

|respect o the y-axis or origin

5.Critical Numbers and Extrema (continued):

F(x)#0,itis >0
since Discriminant

of numerator
D=144-4.2.32<0

f( x) increases| for

all x on the domain

numbers,

There are no critical

no local extrema.

J'(x)DNE=x=3
but not on domain,
not a critical number.
No change in
increasing/decreasing
around x = 3because

A/'(x) increases.

6.Points of Inflection and Concavity(continued):

£"(x)#00r (x)DNE

(x-3) =0= x=3

x =3 is not a PI, not on the domain,
but concavity could change around it.

) to -,
3

©'@

Concave up on (—°°3)

Concave downon (3,oo)

12



7.Asymptotes:

Power of numerator is
greater than power of
denominator, so use
long division to find the
slant asymptote.

No horizontal asymptote.|

The slant asymptote is

y-0.5x+1.5

denominator of /(x) is 0.
2x—6=0

Vertical asymptote is x =3

Sx+1.5 R:=7 x2=16
2x—6>x3—16 (;): 2x—6
x*—3x
3x-16
3x=9
-7
X =16
=05x+1.5- 4
2x-6 2x—6

1
'

e e

Vertical asymptote: Occurs where @ I

/ 2/

gt ——~——4@
a7 0 1
_,"” 1

3.6

Optimization
Problems

Example 1: Find two positive numbers whose sum
is 20 and whose product is as large as possible.

Let the 1st number = x

Then 2nd number = (2() x)
product F'(x)= x(20~ le =20x-x"
F*(x)=20-2x=2(10-x)

1(x)=0=x=10

Compare the
product F(x) at

an

1st number = 10,

2nd number = 20-10 = 10

the endpoints

d at x = 10:

8/19/2018

Time to graph!

Check using graphing calculator:

Optimization. Applications of
Maxima and Minima

The First Derivative may be used to find

the largest or smallest value of a function.

Example 2: A rectangle is inscribed in a semicircle of radius 2cm.
What is the largest area the rectangle can have and its dimensions?

R
Let length =2x = Height=v4—x° -
. — X
Arca A(x)=2xV4 - x* ! — \

K(x)=(2wf— ) =2{,«J4—xz+(44 )]

13



Example 2 Continued

4-2x>=0

x=+4/2 = Since 0<x < 2, then m

Compare the values for the arca at the endpoints and at x = \/5
A0)=0.
4(2)=0

,-1(\/5);2\/5- 2=4

A(\E' =4cm” is the largest area.

Rectangle is 2\/2 by «/’.7

Example 4: A cylindrical metal jar, open at the top, is to
have a capacity of 367 in3. The cost of the material used
for the bottom of the jar is 10 cents per in?, and that of the
material used for the curved part is 5 cents per in2. What
are dimensions that will minimize the cost of the material.

Solution
Cost of container = 10 (area of base) + 5 (lateral area)
C=10(ar*)+5(2zrh) = 107 (r* + rh)

36 e

=xpress Cin one variable : 1r’h = 367 = h = iSEs {n
re |

2 36 [, 36
dugintoC: C = l()n'(r [ ),, ](ml ry 7)
\ r \ r

36 ' )
“ind derivative: €’ = IUIF( 2r— : ) = 2()7(( r "—f J
\ r- . r-

Set derivative =0

xample 5: Find the maximum volume of a right circular
/linder that can be inscribed in a right circular cone of
titude 24 centimeters, and base radius 6 centimeters, if the
<es of the cylinder and cone coincide.

local and
absolute

Yo+ ™ -  Express V in one variable r.

Volume of cylinder: V = zr’h

¢ Use similar triangles:
h 24
=—=4h=4(6-r
6-r 6 ( )
|" Plug in:
V=nr -4(6—r): 471'(6;*2 —r“)

Example 3: A square sheet of tin 16 inches on a side IS to make a
open-top box by cutting a small square of tin from each corner anc
bending up the sides. How large a square should be cut from each
corner to make the box have as large a volume as possible.

V(x):x(lb—-Zx)

2

14

e Cx ¥(x)=x(16" 64x 1 4x?)
! ¥ (x)=256x—64x” + 4x’
1'C 1(x)=256-128x+12%
C =(16-6x)(16-2x)
- LR,
16

8
0<x<8sox=—
3

|[)imcnsions are 8/3 by 8/3

2
v(o)=0.v(8):o.v(; |>0
9/

Example 4 Continued

C’'=0 Check if r = 2.62 is
at the absolute minimum
18
20| r—— |=0 ,
r ¢’ _ min +
—
r=18 2.62

8/19/2018

r=318 =262

r = 2.62is at the absolute minimum

because the function is decreasing
and then increasing

Radius by height: 2.62 in by 5.24 in

Example 5 Continued

Differentiate:
v :4It(|2r—3r2)
=d4m-3r(4—r)=127r(4—r)

Sct V' =0
I27rr(4—r)=0
r=4and r#0

V(4)=n-4-46-4)=[1287]

14



Example 6

At 9 AM, Fin started biking north from Mathland at 12km/h.
\t the same time, Inty is is 5km east of Mathland biking west
it 16km/h. Express the distance d between Fin and Inty as a
unction of the time t in hours after 9 AM. At what time are
in and Inty closest to each other and whal is the minimum
listance?

dt)=? 1, =7 d, =7

min min

Solution 5161 16t

d(t)=+J(12t)’ +(5-161)* 5 km

=J1441% +25 - 1601 + 2561

()= Voo o025 ‘

3.7
Rectilinear Motion

v(l) >0= .\"(I) >0= s(t) is increasing
= point P is moving in the positive direction on /

V(I) <0=> s’(r) <0= s(t) is decreasing
= point P is moving in the negative direction on /
(1
(¢

({ = v’(l)<0:> v(t) is decrcasing

\.’ -~
FE| LB s
\z o -
!’* o
1 lah

0 where point P changes direction

o1)=
a )= v’(t) >0= v(t) is increasing
a )

8/19/2018

Example 6 Continued
Find the minimum of the function using d'(t) :
1

' ()= ———-(800:-160
) 2440017 ~ 1601 +25 ( )
a(1)=0 ord’(r) DNE
8001 =160=0 Discriminant D = b° —dac < 0
[ = ;hours =12 min = Denominator # ()
B local and absalute
min
a" — + —
L/5 ‘
I My 1 ‘
d(ﬁ ): 400 J - 16()-(:J+25 ~Vi6-32-25-3

Fin and Inty are closest at 9:12 AMI | Minimum distance is 3 km ]

Rectilinear Motion
If a point P is moving along a line /,

its motion is rectilinear.

Definitions

Let S(I) be the coordinate of a point P on a coordinate
line / at time .

The velocity of P is v((): s’(l)

The speed of P is ‘V(IXA

The acceleration of P is a(t) = v’(t) = s”(l).

Example 1

The position function s of a point P on a coordinate linc is given b
s(¢)="=12¢* +361+10 with £ in seconds and s(¢) in centimeters

When is point P moving to the right during time interval [ 1.8 ]?
Point P is moving (o the right = velocity is positive
v(0)=5'(e)=(r 127 4360+10) =3 -2 +36=0
3(e-2)(t-6)=0
t=2andt=6

v(t)-: s’(t) +

|
T

1
IPoim P is moving to the right forz e [IZ)U(é?Jl

-  +

N
)]
fe ]
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Example 2
A projectile is fired straight upward. Its distance above the ground
after t seconds is .s‘(l): 161 +3201.
a) Find time, velocity and speed at which the projectile hits the

ground.

Projectile hits the ground:
s(1)=—16+3200 =0

~16¢(1-20)=0=1 =0 and [ =20]

v(t)=s(1)=-32+320

v(20)=-32(20) +320 =

171'20) <0 = projectile was moving downwards

The speed at £ =20 i5|v(201 —|7320| -

‘elocity

Speed is the absolute value of velocity.

When the velocity graph is moving away from the t-axis, or
absolute value of the velocity increases, the speed increases too

Increasing/Decreasing Speed
et’s fill out this table based on the signs of the Velocity and
cceleration (which is the slope of the Velocity). Then conclude if
peed is increasing or decreasing on each interval.

Interval Velocity + | Acceleration | Speed ir!crl
or - + or- decreasing

[0,a] positive positive Increasing
[a,b] positive negative Decreasing
[b,c] negative negative Increasing
[c,d] negative positive Decreasing
[d,e]l positive positive Increasing
[e,f] positive negative | Decreasing

8/19/2018

Example 2 Continued
s()=-161"+320z.
b) Find the maximum altitude achieved by the projectile.

¢) Find the acceleration at any time 7

b) To find Max altitude set x’(t:l—()

s'(1)= v(1)=-320+320=0 ¢(e) M
=10 10
Max altitude is lLocal max = absolute max

5(10)=—16(10)" 1 320(10)=[1600 /1]~ sinces(t]increases,

then decreases
¢) The acceleration at any time / is
i) () -z msee]

This constant zeceleration is caused by the force of gravity.

Now let’s graph the Speed. The graph of Speed is the one
that is above the x-axis.

10
Speed
&
Y a c d 2 ]
Velocity | !
5 LY ¥ i H

How to determine if the speed is
increasing or decreasing:

If the velocity and acceleration have

the same sign, then the speed is increasing.
If velocity and acceleration have

different signs, the speed is decreasing.

If the velocity graph is moving away from the t-
axis the speed is increasing .

If the velocity graph is moving toward the t-axis
the speed is decreasing .

16



Example 3

A particle moves along the x-axis so that its velocity at time 7,
for 0 <7<6, is given by a differentiable function v whose
graph is shown above. On the interval 2 <1 < 3, is speed of the

particle increasing or decreasing?

Calculus and Problems that occur in economics.

Cost function: C(x) = cost of producing x units

st forcions of ) )
Average Cost function: clx] =t
: x

= average cost of producing one unit

Revenue function: R(x) = revenue received for selling x units

Profit function: I’(,\‘) = R(x] = ('(x): profit in sclling x units

We regard x as a real number, even though this variable may take
on only integer values. We always assume x 2 0, since the production
of a negative number of units has no practical significance.

Example 4 Continued
b) How many parts must be manufactured
in order to break even?

The break-even point corresponds to a zero profit:

P(x)—O
8x—10000=0
8x = 10000, or x = 1250

To break even it is necessary to produce
and sell 1250 parts per month

8/19/2018

Example 3 Continued

The speed is decreasing on the interval 2 <7 <3
since on this interval:

1) Velocity v(¢) <0 and

2) v(¢) is increasing = v'(£)=a(1) >0

So, Velocity and Acceleration have different signs

on this interval.

OR: Velocity graph is moving toward the t-axis
= speed decreases

Example 4
A manufacturer of sport equipment parts has a monthly
fixed cost of $10,000, a production cost of $10 per
part, and a selling price of $18 per part.
a) Find ('(X),L'(X), R(r) and I’(x:).
The production costs of manufacturing x parts is 1 0x.

The total monthly cost ( '(x)ofmanufacluring X parts is

¢(o)- s+ 000

(+) Clx) 104 10:000
X X

R(x) =|18x

P(x)= R(x) - (x) = 18x (10x +10.000) = 82~ 10,000]

Example 5
The weekly cost (in dollars) of manufacturing x wooden
tables is given by C(x) =x’—1.5x*=960x —10. Each
table produced is sold for $300. What weekly production

rate will maximize the profit?
Profit = P(x) = R(x)-C(x)
=300x (x"~1.5x"~960x +10)

= x* +1.5x> +1260x—-10

To maximize it, find l”(:x)and setit=0

17



Example 5 Continued

P/(x)=-3x"+3x+1260=0
_3(.\-’ —x—42()):0
“3(x—21)(x+20)=0

x=21. 720
P"(x)=—6x+3 P”(21)=—6-21+3<0

By the Second Derivative test,

a maximum profit occurs if 21 tables per

week are manufactured and sold.

8/19/2018
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